Abstract. We study relations in the Grothendieck ring of varieties which connect the Hilbert scheme of points on a cubic hypersurface Y with a certain moduli space of twisted cubic curves on Y . These relations are generalizations of the "beautiful" Y -F (Y ) relation by Galkin and Shinder which connects Y with the Hilbert scheme of two points on Y and the Fano variety F (Y ) of lines on Y . We concentrate mostly on the case of cubic surfaces. The symmetries of 27 lines on a smooth cubic surface give a lot of restrictions on possible forms of the relations.
Introduction
There are different kinds of geometric objects associated to a given algebraic variety. Some of these objects come in families. A certain moduli spaces which parameterise such objects again have an algebro-geometric structure. They help to shed light on the hidden properties of the algebraic variety. Different moduli spaces associated with one algebraic variety are closely related. In this work, we will consider cubic hypersurfaces. The most simple geometric objects on them are configurations of points and rational curves. We will explore some connections between cubic hypersurfaces and moduli spaces of such objects on them. The following answer is given in [GS14] . Passing a line through two generic points on Y one can obtain the third point on Y . In other words, there is a rational map from the Hilbert scheme Y [2] of two points to Y . This map is a composition of two. The first one is a birational isomorphism φ between Y
[2] and the variety of pairs
It sends a pair of points to the line passing through them and the third point of intersection with Y . The other is a Zariski locally trivial fibration from W to Y with fiber P d . It sends a pair (l, p) ∈ W to the point p. A careful analysis of the locus of indeterminacy of birational isomorphism φ gives the following "beautiful" Y -F (Y ) relation [GS14] in the Grothendieck ring of varieties K 0 [Var k ]:
where L := [A 1 ] ∈ K 0 [Var k ] is the Lefschetz class. This birational isomorphism was also studied in [Voi17] and used to show that CH 0 (Y ) is universally trivial for certain smooth cubic hypersurfaces of dimensions 3 and 4.
The relation (1.2) is beautiful since, first of all, it has the same elegant form for any cubic hypersurface over any field k. Secondly, it is a relation in any realization of the Grothendieck ring of varieties K 0 [Var k ]. While the ring K 0 [Var k ] is too complicated one may consider a realization homomorphism (i.e. ring homomorphism) to another ring R. There are realizations in the classes of stable birational equivalence, in the Grothendieck ring of categories, in the Grothendieck ring of rational Chow motives etc. In some literature realization homomorphisms called motivic measures. See Section 2.1 for details.
Different kinds of invariants of the Fano variety F (Y ) may be computed using the Y -F (Y ) relation (1.2). For example, one can easily compute the number of lines on real and complex smooth or singular cubic surfaces. On the other hand, one can compute the Hodge structure of H * (F (Y ), Q) for a smooth complex cubic Y of an arbitrary dimension d. In [DLR17] this relation is used to calculate zeta functions of the Fano variety F (Y ) for smooth cubic threefolds and fourfolds and answer some questions about lines on cubic hypersurfaces over finite fields.
Remark 1.2. Let k be a field of characteristic 0. Denote by Chow Q the Grothendieck's category of Chow k-motives, [Sch94] . The Gillet-Soulé motivic realization homomorphism
sends the class [X k ] of a smooth projective variety to the class [h(X k )] of its motive. The Y -F (Y ) relation (1.2) implies a relation in K 0 (Chow Q ). In [Lat17] it was shown that the Y -F (Y ) relation lifts to an equivalence in the category of Chow motives:
The Y -F (Y ) relation also implies a relation on the level of categories. More precisely, the categorical realization homomorphism
sends the class [X k ] of a smooth projective variety to the class [D(X k )] of the bounded derived category of coherent sheaves on X k in the Grothendieck ring of pre-triangulated dgcategories, [BLL04] . The relations in this ring come from semi-orthogonal decompositions. We recall the details in Section 2.1.
In [GK14] . For certain special cubic fourfolds this relation lifts to an equivalence of categories. This follows from the isomorphism F (Y ) ∼ = Hilb 2 (S), [BD85] , where S is a K3-surface. Sergey Galkin conjectured an equivalence D(F (Y )) ∼ = Sym 2 GK A Y for all smooth cubic fourfolds. We discuss this in detail in Section 4. and Y (n) as "moduli spaces of configurations of points on Y ". Some times we will also consider the variety Y {n} ⊂ Y (n) of unordered configurations of n different points. The symmetric powers Y (n) are related to K-points on Y for finite field extensions K/k. The basic question on K-points is about their existence on Y . The existence of a k-point is a stable birational invariant. According to [LL03] [2] are stably birationally equivalent. This also follows from the diagram (1.1). If on a smooth cubic Y there is a point defined over a quadratic field extension then there is a point defined over the ground field. We discuss this in details in Section 3. See also Section 2.1 for the full form of the result from [LL03] .
In The positive answer to this question may help to solve the following conjecture by Cassels and Swinnerton-Dyer stated in the 1970s, [Cor76a] : Conjecture 1.4. Let Y be a cubic hypersurface over a field k. Suppose Y has a point defined over an extension field K/k of degree n prime to 3. Then Y also has a point over the ground field k.
The case of n = 2 follows from the Y -F (Y ) relation (1.2) and the case of n = 4 is an open question. Daniel Coray, [Cor76a] , [Cor76b] , shows that this conjecture is true in the case of cubic surfaces over local fields and in the case of singular cubic surfaces. Also he shows that if a cubic surface has a point over a field extension K/k of degree prime to 3 then it has a point over a field of degree 1, 4 or 10. Thereby Coray already reduced the general conjecture to the cases of n = 4 and n = 10. In this work we will concentrate on the case of n = 4.
In order to study some questions about all the symmetric powers of X together one can organise them in a power series, so called Kapranov's zeta function, in some literature it is called "motivic zeta function",
If k is a finite field, µ :
where |X(k)| denotes the number of k-points on X. The image under µ of the Kapranov's zeta function is the Hasse-Weil zeta function which is rational as a function of t by Dwork's theorem. In [Kap00] Kapranov asked whether the rationality holds for Z Kap (X, t). He proved rationality in the case of curves. In [LL03] 
We will call such an expression a formula with varieties X i (Y ) if it is linear in variables [X i (Y )]. We assign degree to a polynomial expression P by assigning degree 1 to [Y ] , n to [Y (n) ] and degree 0 to other variables. We say that P is a formula of degree n if P has degree n, i.e. it consists of monomials of degree n and less.
Let (P) be some property: any, smooth, singular, singular of some type, of dimension n etc. Let X 1 (Y ), . . . , X m (Y ) be some varieties constructed naturally for any cubic hypersurface Y with property (P) over any field k. We can evaluate a formula P with vari- 
we can evaluate a formula P in the ring R. We will say that P is a formula in the ring R for cubic hypersurfaces Y of type (P) with varieties X 1 (Y ), . . . , X m (Y ) if the µ realization of P is zero for any cubic surface Y with property (P) over any field k (maybe except some fields of small characteristic). We will call a formula P homogeneous if there are no additional varieties X i (Y ).
Definition 1.5. We will say that a formula P for cubic hypersurfaces Y of type (P) is beautiful if it is a formula in the Grothendieck ring of varieties
In other words P is a formula in the ring R for all realizations µ :
for all cubic hypersurfaces Y with property (P) over any field k (maybe except some fields of small characteristic).
Example 1.6. For a smooth cubic hypersurface the Y -F (Y ) relation (1.2) may be rewritten in the following form, [GS14] :
This is an example of a beautiful formula of degree 2 for smooth cubic hypersurfaces Y with the Fano variety F (Y ).
Remark 1.7. Sometimes we will specify that the above-defined formulae are in Sym-form. We make a parallel definition for formulae in Hilb-form by using Hilbert schemes Y [n] instead of Y (n) . In the case of smooth surfaces S any formula in Sym-form imply some formula in Hilb-form and vice versa. More precisely, for char k > n subrings in
] coincide thanks to the Göttsche formula (2.7).
Remark 1.8. A beautiful formula is still a beautiful formula after multiplication by some class [X] . However, it may become less powerful. For example, after multiplication by L, we can not derive any information about stable birational geometry.
Question 1.9. Is there a beautiful formula of degree 4 for cubic hypersurfaces Y with some varieties X i (Y ) ?
The Fano variety F (Y ) is not enough to obtain any relations due to the following result which we will show in Section 5. Theorem 1.10. There are no beautiful formulae of degree 3 or 4 for smooth cubic surfaces S with the Fano variety F (S).
1.4. Twisted cubics on cubic hypersurfaces. Motivated by the Fano variety of lines one may consider moduli spaces of smooth rational curves of arbitrary degree d on Y . For d 2 these spaces are no longer compact. To be specific we let M d (Y ) denote the compactification in the Hilbert scheme Hilb dn+1 (Y ), where dn + 1 is the Hilbert polynomial in variable n. The space M 2 (Y ) does not provide anything new in comparison with M 1 (Y ) = F (Y ). Indeed, any rational curve C of degree 2 on Y spans a two-dimensional linear subspace P 2 ⊂ P d+1 which, in turn, cuts out a plane curve of degree 3 from Y . As this curve contains C, it must have a line L as a residual component.
The fiber is the space of planes in P d+1 which contain the line. The geometry of M 3 (Y ) is much more interesting. Let Y ⊂ P 5 be a smooth cubic hypersurface that does not contain a plane. In [LLSvS17] the authors show that the moduli space M 3 (Y ) of generalized twisted cubic curves on Y is a smooth and irreducible projective variety of dimension 10. Any twisted cubic C on Y spans a three-dimensional linear subspace P 3 which in turn cuts out a cubic surface S. Twisted cubics on a smooth cubic surface come in 72 two-dimensional families. These families become P 2 -families after the compactification by generalized twisted cubics. In case of cubic surfaces with at most rational double point singularities generalized twisted cubics also form P 2 -families, [LLSvS17] . The intersection S = P 3 ∩ Y can have more complicated singularities and generalized twisted cubics on such S no longer form two-dimensional families. Nevertheless, it is possible to make a contraction of the whole moduli space M 3 (Y ) with the fiber P 2 . In [LLSvS17] the authors construct a two-step contraction
Where a is a P 2 -fiber bundle and σ is the blow-up of Z(Y ) along Y . When k = C the variety Z(Y ) is a smooth eight-dimensional holomorphically symplectic manifold. We will refer to it as the LLSvS variety Z(Y ) and morally understand it as a "moduli space of P 2 -families of generalized twisted cubics on Y ". In the case of a cubic surface S with at most rational double singularities we will denote by Z(S) the variety of P 2 -families of generalized twisted cubics on S and also refer to it as the LLSvS variety Z(S). We recall results on Z(Y ) and Z(S) in Section 2.4.
In the Grothendieck ring of varieties
That is why any beautiful formula with M 3 (Y ) implies a beautiful formula with the LLSvS variety Z(Y ). Further we will use the LLSvS variety Z(Y ) when we talk about moduli spaces of twisted cubics on Y . It the case of cubic surfaces S with at most rational double point singularities by [LLSvS17, Theorem 2.1] (see Theorem 2.8 below) the moduli space of generalized twisted cubic curves on S is Z(S) × P 2 .
In the case of smooth cubic fourfolds, there is a similar connection between the Hilbert scheme of four points and Z(Y ) as between the second Hilbert scheme and • The Gillet-Soulé motivic realization µ mot in the Grothendieck ring K 0 (Chow Q ) of the category of Chow k-motives.
• The Larsen-Lunts stable birational realization µ sb in the ring Z[SB k ] generated by classes of stable birational equivalence of smooth connected projective varieties.
by quasi-equivalence classes of pre-triangulated dg-categories modulo some relations coming from semi-orthogonal decompositions. See Section 2.1 for details.
In Section 5 we restrict ourselves to the case of cubic surfaces and use the Gillet-Soulé motivic realization. Any twisted cubic or a generic quadruple of points on a cubic hypersurface Y spans P 3 ⊂ P d+1 which in turn cuts out a cubic surface S. So one may hope to generalize a beautiful formula for S of degree 4 with the LLSvS variety Z(S) to higher dimensions. The case of five points on a surface is already too degenerate.
The geometric Néron-Severi group N(S) := Pic(S ⊗k) of a smooth cubic surface S has a big group of isometries, see Section 2.3 for details. This group is the Weyl group W of type E 6 and its action on N(S) can be obtained through the Galois action. These symmetries give a lot of restrictions on the possible beautiful formulae for S. We obtain in Section 5.1 the following results:
Theorem 5.16. The only possible form (up to multiplication) of a beautiful formula of degree 4 for smooth cubic surfaces S with the LLSvS variety Z(S) is the following S-Z(S) relation:
More precisely it is a unique (up to multiplication) formula of degree 4 that holds in K 0 (Chow Q ) for smooth cubic surfaces S with the LLSvS variety Z(S).
In terms of Hilbert schemes this relation has the following form:
Theorem 5.17. The S-Z(S) relation (5.10) lifts to an equivalence in the category Chow Q of Chow k-motives:
In Section 5.2 we will use the same realization in the case of singular cubic surfaces with, at most, rational double point singularities. We obtain the following analogs of the S-Z(S) relation (5.9) in the case of singular cubic surfaces with one rational double point singularity of type A 1 or A 2 .
Lemma 5.18. Let S be a cubic surface over a field k with one rational double point singularity of type A 1 . Denote by A(S) the zero-dimensional scheme (which may not have a k-point) of lines passing through the singular point, then:
where
and C is a smooth conic (which also may not have a k-point).
Theorem 5.24. Let S be any singular cubic surface with one singularity of type A 1 such that ∆ = 0, see Lemma 5.18. The following relation is a beautiful formula (i.e. it holds in K 0 [Var k ]) of degree 4 for S with the LLSvS variety Z(S):
Theorem 5.29. Let S be any singular cubic surface with one singularity of type A 2 . The following relation is a beautiful formula (i.e. it holds in K 0 [Var k ]) of degree 4 for S with the LLSvS variety Z(S) and the variety A(S) of lines passing through the singular point:
In Section 3 we use the stable birational realization µ sb :
In other words, we investigate formulae modulo L. This gives us some obstructions to possible forms of beautiful formulae. In particular, we will show that the S-Z(S) relation (5.9) can not be true in the Grothendieck ring of varieties
In Section 4 we use the categorical realization µ cat : 
In Appendix we place character tables for the Weyl group W of type E 6 and some related groups. We also summarize there all the forms of the S-Z(S) relation that we obtain.
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Preliminaries
In Section 2.1 we recall the basics on the Grothendieck ring of varieties. While this ring is too complicated one may consider realizations from this ring to some simpler rings. We list certain realizations which we will need in further sections. In Section 2.2 we introduce the Burnside ring of a field. This ring will help us later to obtain some relations between classes of zero dimensional schemes in the Grothendieck ring of varieties. In Section 2.3 we describe symmetries of 27 lines on a smooth cubic surface S. These symmetries can be viewed through the rich structure on H 2 (S, Z). Finally, in Section 2.4 we recall some results about the LLSvS variety Z(Y ) of P 2 -families of generalized twisted cubic curves on a cubic hypersurface Y . The multiplication in
k ] the class of an affine line. Detailed references on the Grothendieck ring of varieties are [Loo02, Bit04] .
Let E over B be a Zariski locally-trivial fibration with the fiber F . Then
This is proved by induction on dimension of B. Let X to be a smooth variety and W ⊂ X be a smooth closed subvariety of codimension c. Then
where Blow W (X) is the blow up of X in W and N W/X is the normal bundle to W . Note
If k is of characteristic zero, then there is an alternative description of the Grothendieck ring K 0 [Var k ] due to Bittner: the generators are classes of smooth projective connected varieties and the relations are of the form (2.2), [Bit04] .
For us a pre-λ-ring is a commutative ring with an identity element 1 and a set of operations λ n such that
Denote by Sym n (X) =: X (n) the n-th symmetric powers of X. For each n 0 the operations X → Sym n (X) descends to K 0 [Var k ] and define the pre-λ-ring structure on it, i.e.
Then the axioms of a pre-λ-ring is equivalent to the requirement that Λ(x, t) = 1 + xt + ∞ n=2 λ n (x)t n and it is multiplicative, i.e
In these terms the structure of a pre-λ-ring on K 0 [Var k ] is defined by the multiplicative Kapranov's zeta function:
We also have, [Göt01, Lemma 4.4]:
The Grothendieck ring of varieties is still very poorly understood. We will call a ring morphism µ from K 0 [Var k ] to any ring R a realization homomorphism with values in R. Some authors used the term motivic measure for a ring homomorphism µ :
for some well-known examples of realization homomorphisms and their application to the study of cubic hypersurfaces. Here we list the realization homomorphisms which will be used in this work.
2.1.1. Stable birational realization. Two smooth projective varieties X and Y are called stably birationally equivalent if for some n, m 1 the variety X × P m is birationally equivalent to Y × P n . Let Z[SB k ] be a free abelian group generated by the stable birational equivalence classes of smooth, projective, irreducible k-varieties. One can equip it with multiplication that given by the product of varieties, [LL03] . In characteristic zero, the quotient of K 0 [Var k ] by the principal ideal (L) is naturally isomorphic to the ring Z[SB k ]. In other words there exists a realization homomorphism
which sends the class [X k ] of a smooth projective variety to its stable birational equivalence class. We will need the following result: 
for some n j ∈ Z, then X is stably birationally equivalent to one of the Y j .
Remark 2.2. Note that Theorem 2.1 also can be applied to singular X and
, whereX is a resolution of singularities. This definition does not depend on the choice ofX since the kernel of the realization µ sb is the ideal generated by L.
as an abelian group is generated by quasiequivalence classes of pre-triangulated dg-categories. The relations are
whenever there is a semi-orthogonal decomposition C = A, B . See Section 4 in [BLL04] for details and the definition of the product on this ring. There exists a realization homomorphism [GS15] . This allows to define the Galkin-Shinder's categorical zeta-function:
Let X be a smooth projective variety. The expressions for µ cat ([X (n) ]) follow from the relation [GS15, BGLL17] between Z Kap (X, t) and Z GS (X, t):
Example 2.3. Comparing coefficients of t 2 in (2.4) we obtain: Let Chow Art Q be the full subcategory of Chow Q generated by the motives of smooth zerodimensional projective varieties and their summands. We will call these motives Artin motives. The motive h(X) of a smooth zero-dimensional projective variety is completely described by the action of the Galois group Gal k on its geometric points. There exists an equivalence of Chow Art Q with the category of Galois representations which sends h(X) to the associated Galois module Q X(k) , [SP11] . By a Galois representation here we understand a rational finite-dimensional representation of the Galois group Gal k such that the action of Gal k factors through a finite group.
There exists a motive L ∈ Chow Q , called the Lefschetz motive, such that the motive of the projective line decomposes as h(
where M is an Artin motive. Denote by Chow 0 Q ⊂ Chow Q the full subcategory generated by zero-dimensional motives. This category is equivalent to the category of graded Galois representations.
2.1.4. Göttsche formula. The following relation [Göt01, LL18] 
(n) and Hilbert schemes of points X [n] in the case of a smooth surface S.
Example 2.4. The coefficients of t 2 , t 3 and t 4 give the following relations
2.2. Burnside ring. Let G be a discrete group. Denote by Burn + (G) the set of isomorphism classes of finite G-sets. It is a commutative semi-ring with addition and multiplication given by disjoint union and Cartesian product. As an additive monoid it is a free commutative monoid generated by isomorphism classes of finite irreducible G-orbits, i.e. conjugacy classes of subgroups of G of finite index. The Burnside ring Burn(G) is defined as the associated Grothendieck ring. It is a combinatorial avatar of the representation ring of G. The pre-λ-ring structure on Burn(G) is defined by the operations λ n (S) = [S n /S n ], where S is a G-set, [Rök11] . Denote by Burn(k) the Burnside ring Burn(Gal(k)) of the Galois group Gal k considered as a discrete group. See [Rök11] for details about Burnside ring of a field and its connections with the Grothendieck ring of varieties
Denote by Burn + (k) the set of isomorphism classes of smooth zero dimensional schemes of finite length over k. It is a commutative semi-ring and generated as an additive monoid by isomorphism classes of finite field extensions K/k. The Burnside ring Burn(k) is naturally identified with the Grothendieck ring of the semi-ring Burn + (k).
From the last description of Burn(k) we see a natural map Art k :
. This is a homomorphism of pre-λ-rings, [Rök11] .
is an embedding for algebraically closed fields, finite fields and fields of characteristic zero [LS10] .
2.3. The 27 lines. Let S be a smooth cubic surface over a perfect field k. It is a classical result [Cay49] , [Sal49] that over algebraically closed fieldk there are 27 lines on S. There is a natural action of a certain group on the set of these lines. Consider the geometric Néron-Severi group N(S) := Pic(S ⊗k). Denote by K S ∈ N(S) the canonical class of S. According to [Man74] the group N(S) has the following structure:
(2) The class
(4) The set R = {r ∈ N(S) | (r, K S ) = 0, (r, r) = −2} is the root system of the Weyl group W of the Lie group E 6 . (5) The set I = {l ∈ N(S) | (l, K S ) = −1, (l, l) = −1} consists of classes of lines on S. The group which stabilizes K S and preserves the intersection form is W. This group acts on the set of lines I and on the set of roots R.
Remark 2.6. Geometrically we can see this structure in the following way. Overk surface S is a blow up of P 2 in six points. Then E 1 , . . . , E 6 are the exceptional lines of this blow up and E 0 is the image of the class of a line in P 2 .
The 27 classes of lines, i.e. vectors from I have the following description in terms of E i .
• Six vectors E i , i = 0.
•
The 72 vectors of the root system R have the following description in terms of E i .
• One vector 2E 0 − E i .
• Twenty vectors
• Thirty vectors E i − E j , i = j.
• Twenty vectors (1) The morphism j is a closed embedding of Y as a Lagrangian submanifold in Z(Y ).
(2) The morphism u factors as follows:
In the case of cubic surfaces S with at most rational double point singularities generalized twisted cubic curves come in P 2 -families. LetS → S be a minimal resolution of such a singular cubic surface S. The smooth surfaceS is a weak Del Pezzo surface. The orthogonal complement Λ := K ⊥ S ⊂ H 2 (S, Z) of the canonical divisor is a negative definite root lattice of type E 6 , [LLSvS17] . The components of the exceptional divisor of this minimal resolutionS are (−2)-curves whose classes form a subset in the root system R ⊂ Λ that is a root basis for a subsystem R 0 ⊂ R. The connected components of the Dynkin diagram of R 0 are in bijection with the singularities of S. This limits the possible combinations of singularity types of S to the following list:
Theorem 2.8. [LLSvS17] Let S be a cubic surface with at most rational double point singularities. Then
That is why the set geometric points of Z(S) is R/W(R 0 ).
3. When L = 0. Obstructions from stable birational geometry
In this section we are going to use the stable birational realization, Section 2.1.1:
The kernel of this map is the ideal generated by L, [LL03] . In other words we will investigate beautiful formulae modulo L. This realization allows us to distinguish elements in K 0 [Var k ] using stable birational invariants. The main tool to pass some information in the other direction is Theorem 2.1 by Larsen and Lunts. The existence of a k-point is a stable birational invariant. In [Nis55] it is proved that if a regular k-scheme has a k-point then any proper k-scheme birational to it also has a k-point. Let k be any field and Y be any cubic hypersurface over k. There exists always a k-point on the third symmetric power Y (3) . Indeed, pass any k-line. If the intersection with Y is a line than Y has a k-point. Otherwise, the intersection is a zero dimensional scheme. If this scheme has no k-points then Y has a K-point for some field extension of degree 3. This K-point gives a k-point on Y (3) . In the other case Y already has a k-point and so Y (3) , too.
Lemma 3.1. Let n, m be natural numbers and assume that n is prime to 3. Then there exists a smooth cubic surface S such that S (n) is not stably birationally equivalent to S (3m) . Moreover
is not stably birationally equivalent to S (3m) if some of n i is prime to 3.
Proof. There exist smooth cubic surfaces which have no points over any field extension K/k of degree prime to 3. For example, Lemma 3.4. in [CM04] , consider a cubic surface S over k = Q p defined by an equation
, where a is not a cube modulo p. Comparing valuations, it is easy to see that S has no Q p -points. Over local fields Cassels and SwinnertonDyer Conjecture 1.4 is a theorem. That is why this cubic surface S has no points over field extensions K/k of degree prime to 3. It follows that symmetric powers S (n) can not have a k-point when n prime to 3. Other symmetric powers S (3n) always have a k-point. Since the existence of a k-point is a stable birational invariant, as discussed above, S (n) is not stably birationally equivalent to S (3m) . The scheme S (n 1 ) × · · · × S (n k ) also does not have a k-point if some n i is prime to 3. 
where for each i some of n i j is prime to 3. Then this formula is not beautiful, i.e. it can not be true in K 0 [Var k ] for any smooth cubic surface over any field k (may be except some fields of small characteristic).
Proof. The Hilbert schemes of points on a smooth surface S are smooth. The Göttsche formula (2.7) shows that singularities of symmetric powers S (n) are L-singularities and by Remark 2.2 we can apply Theorem 2.1 to them. Consider the cubic surface S from Lemma 3.1 then the equation (3.1) contradicts to Theorem 2.1.
Corollary 3.3. The S-Z(S) relation (5.9), which we will obtain in Section 5.1 below, is not a beautiful formula in K 0 [Var k ] for smooth cubics S with the LLSvS variety Z(S).
Example 3.4. The relation (5.8) from Section 5.1 would imply
By Theorem 3.2 this relation is not a homogeneous beautiful formula in K 0 [Var k ] for smooth cubics S.
In the case of singular cubic surfaces the situation with the existence of k-points is a bit different. For example in the case of singularity of type A 1 on S always exists a k-point.
Proposition 3.5. Let S be a singular cubic surface with one rational double point singularity of type A 1 such that ∆ = 0, see Lemma 5.18 over a field of characteristic zero. Then S, S (2) , S
and S (4) are stably birationally equivalent.
Proof. The relation (5.13) from Section 5.
Consider a resolution of singularitiesS of S.
. This allows to apply Theorem 2.1 to (3.2), (3.3). Using also the Y -F (Y ) relation (1.3) we see that S, S (2) , S (3) and S (4) are stably birationally equivalent.
4. When L = 1. Categorical heuristics
In this section we consider the categorical realization homomorphism, Section 2.1.2: 
for some special labelled cubic fourfolds (Y, K d ) and some polarized K3 surfaces S K3 , see [Has00] . In this case, it is said that the K3 surface is associated to the special cubic fourfold.
There exist also some connections between K3 surfaces and moduli spaces of rational curves on cubic fourfolds: There exists a semiorthogonal decomposition, [Kuz10] :
By many features the category A Y looks like the derived category of a K3 surface and for some cubic fourfolds A Y is equivalent to the derived category of a K3 surface, [Kuz10] . In Example 2.3 we recalled how to express µ cat ([X (n) ]) through the classes of symmetric powers of
We can expand the symmetric square using Axiom (3) in the definition of a pre-λ-structure. It follows that [Sym 
K3 ], where S K3 is some K3-surface.
Under this assumption we are going to investigate possible forms of a beautiful formula of degree 4 for smooth cubic fourfolds Y with the LLSvS variety Z(Y ). We will see that the Y -F (Y ) relation (1.3) also follows from this assumption.
In order to obtain some relations we are going to express all the related classes through the classes of symmetric powers of S K3 . We can express the
classes [F (Y )] and [Z(Y )] through [S K3
] and its symmetric powers using Göttsche formula (2.7) for surfaces in the cases of n = 2, 4:
The symmetric square of [Y ] has the following expression through [S K3 ] and its symmetric powers. We use Axiom (3) from the definition of a pre-λ-structure.
From these expressions we see that
This equation coincides with the Y -F (Y ) relation (1.3) for fourfolds.
Proposition 4.6 (Hypothetical Y -Z(Y ) relation). Assume Assumption 4.5 holds. Then in the Grothendieck ring of varieties
Proof. Using Axiom (3) from the definition of a pre-λ-structure we compute:
These equations together with (4.3) and (4.2) imply the proposition. Note also that easy linear algebra calculations can show that (4.4) is a unique (up to multiplication) relation between these classes under an assumption that there are no relations between the class of K3 surface and the classes of its symmetric powers in
When L is invertible. Conditions from representation theory
In this section we are going to use the Gillet-Soulé motivic realization homomorphism (Section 2.1.3)
to obtain possible forms of the S-Z(S) relation -a beautiful (Definition 1.5) formula of degree 4 for cubic surfaces S with the LLSvS variety Z(S) (Section 2.4). In Section 5.1 we obtain a relation for smooth cubic surfaces in K 0 (Chow Q ), Theorem 5.16. In Section 5.2 we obtain analogs of the S-Z(S) relation for some singular cubic surfaces with one singular point and prove them in K 0 [Var k ].
Smooth cubic surfaces.
Over an algebraically closed field any smooth cubic surface S can be obtained from P 2 by blowing up six points. So
can be expressed as polynomials in L. There are many relations between them. Fortunately, there is "more structure" on the class [S] over other fields.
There exists a rich structure on the geometric Néron-Severi group N(S) := Pic(S ⊗k) with a big group W of symmetries, Section 2.3. The group W is the Weyl group of type E 6 . The Galois group Gal k also acts on N(S), preserves K S and the intersection form and so maps to W. Denote by W 0 ⊂ W the image of this map. Denote by V the Artin motive with the associated Galois Q-module N(S) ⊗ Q. It is known, [Ser91] , [KMP07, Proposition 14.2.1] that the motive of a smooth cubic surface S is zero-dimensional, i.e. it is a sum of the motives of the form ML n := M ⊗ L, where M is an Artin motive and moreover
Lemma 5.1. Let G be a discrete group. Denote by Rep(G, Q) the ring of graded rational finite-dimensional representations of G such that the action of G factors through a finite group.
(1) The subring in K 0 (Chow Q ) of zero-dimensional motives is isomorphic to Rep(Gal k , Q).
(2) Let S be a smooth cubic surface over a field of characteristic 0. Let W 0 be the image of the Gal k in W described above. Then the motives of
Proof. (1) The subcategory Chow
Art Q of Artin motives is equivalent to the category of rational Galois representations, [SP11] , see also Section 2.1.3. The subcategory Chow 0 Q of zero-dimensional motives is equivalent to the category of graded rational Galois representations and it is semisimple. The inclusion K 0 (Chow [MNP13] . Note that the category Mot num of motives defined with numerical equivalence is semi-simple.
(2) The motives of the Fano variety F (S) and the LLSvS variety Z(S) are Artin motives since these varieties are zero-dimensional. The set of geometric points of F (S) are in natural bijection with the set of classes of lines I ⊂ N(S), Section 2.3. The set of geometric points of Z(S) are in natural bijection with the set of roots R ⊂ N(S), Section 2.4. The motives of the symmetric powers S (n) are also zero-dimensional since µ mot ([Sym n X]) = Sym n h(X) in Chow Q , [BN98] . The action of the Galois group Gal k on the associated Galois modules factors through W 0 .
Remark 5.2. In [EJ09, Section 6] the authors provide a concrete example of the smooth cubic surface over Q defined by the equation
such that the image of the Galois group in W is equal to the whole group W.
Remark 5.3. Representation theory for W over Q is the same as representation theory over C. Table 1 shows that the characters of irreducible representations are rational. This implies [CR62] that for any irreducible C-representation W the representation W ⊕m(W ) is defined over Q where m(W ) is the Schur index of W . In [Ben69] it is shown that in the case of the Weyl group W of type E 6 these indices are equal to 1.
Lemma 5.4. Any formula P for smooth cubic surfaces S with the Fano variety F (S) and the LLSvS variety Z(S) can be considered, using Gillet-Soulé realization µ GS , as a formulaP in the ring Rep(W, C) of graded complex representations of the Weyl group W of type E 6 . Moreover, the formulaP holds in Rep(W, C) if the formula P is beautiful.
Proof. Let S k be a smooth cubic surface from Remark 5.2. Using S consider P as a formula in K 0 [Var k ]. By Lemma 5.1 Gillet-Soulé realization µ GS of this formula P lies in the subring Rep(W, Q). By Remark 5.3 representation theory of W over Q is equivalent to representation theory over C. So the ring Rep(W, Q) is naturally isomorphic to the ring Rep(W, C). We obtain a formulaP in Rep(W, C).
Recall that if P is a beautiful formula, then it is a formula that holds in any realization for any smooth cubic surface S over any field k (maybe except some fields of small characteristic). That is why the formulaP holds in Rep(W, C). Table 1 . The representations χ 1 and χ 2 are one-dimensional and the representations χ 3 and χ 4 are six-dimensional. This implies that W is χ 3 or χ 4 . The representations W is permutational in the basis {E 1 , . . . , E 6 }. The trace of an element g ∈ S 6 is equal to the number of fixed vectors in this basis. The trace of the action of a simple transposition on W is 4. A simple transposition lies in some conjugacy class of W and only χ 3 has trace equal to 4 for some conjugacy class. 
Proof. Equation (5.2) follows from Lemma 5.5 and (5.1). Equation (5.3) is the direct multiplication of characters.
The information in Table 1 is enough to calculate symmetric powers of characters up to degree 5. Note that the lines 3-5 shows the squares, cubes and fifth powers of the conjugacy classes of W. Equation (5.5) is an application of the Göttsche formula (2.7) to (5.4).
Equation ( We are going to apply the same strategy for searching beautiful formulae of degree 3 and 4 for smooth cubic surfaces S with the LLSvS variety Z(S). The representation [Z(S)] is obtained from the action of W on the 72 P 2 -families of generalized twisted cubics on S. These families are in bijection with roots of the root system of type E 6 , Theorem 2.8. Proof. We obtained this using explicit description of roots, Section 2.3. Using SageMath we obtained explicit representatives for each conjugacy class of W in terms of simple reflections and calculated traces explicitly.
Remark 5.10. This decomposition can be seen in the following way. For each root α ∈ R, the root −α ∈ R. This gives a decomposition [Z(S)] = M + ⊕ M − , where M + is generated by sums of opposite roots and M − by differences of opposite roots.
There is a map from [Z(S)] to V which sends a root to the corresponding vector in V . The image is a six-dimensional subspace. The subspace M + lies in a kernel. That is why we can consider this map as a map from M − . Denote by V 30 its 30-dimensional kernel.
According to [Dol12] the set of roots are in natural (W-equivariant) bijection with the sixes of orthogonal classes of lines. This defines a map from M + to [F (S)]. It sends a root to the sum of six corresponding classes of lines. The image is χ 10 defined as a subspace in [F (S)] in Remark 5.7. The kernel is a sum of a trivial representation and some 15-dimensional representation V 15 .
Using (5.7) we obtain that V 15 is isomorphic to χ 8 and V 30 is isomorphic to χ 16 .
Lemma 5.11. The classes of degree 3 (we use the notion of degree from the definition of beautiful formulae, Section 1.3) have the following decompositions in irreducible representations:
[S 3 ] = 1 + (3 + 3χ 3 )L + (9 + 6χ 3 + 3χ 9 + 3χ 10 )L 2 + + (10 + 12χ 3 + 3χ 9 + 4χ 10 + χ 12 + χ 16 + 2χ 20 )L 3 + + (9 + 6χ 3 + 3χ 9 + 3χ 10 )
Proof. The calculations are analogous to calculations in Lemma 5.6.
Theorem 5.12. There are no beautiful formulae of degree 3 for smooth cubic surfaces S with the Fano variety F (S) and the LLSvS variety Z(S). Lemma 5.13. The classes of degree 4 (we use the notion of degree from the definition of beautiful formulae, Section 1.3) have the following decompositions in irreducible representations: 
Proposition 5.14. There are no homogeneous beautiful formulae of degree 4 for smooth cubic surfaces S.
Proof. Any homogeneous beautiful formula of degree 4 for smooth cubic surfaces S implies a formula of degree 4 that holds in the ring Rep(W, C). We obtain irreducible decompositions for all the classes that can be involved in such a formula in Lemma 5.6, Lemma 5.11, Lemma 5.13. Simple linear algebra calculations shows that there are no relations (with coefficients in C[L]) between these classes. Note that it is enough to show that there are no relations after evaluation L → 1.
Remark 5.15. The same kind of calculations can show that there is a unique (up to multiplication) homogeneous formulae of degree 5 for smooth cubic surfaces S in the ring Rep(W):
In terms of Hilbert schemes this relation has the following form: 
. That is why the relation (5.9) is also a unique (up to multiplication) formula in K 0 (Chow Q ).
The Göttsche formula (2.7) allows to rewrite the S-Z(S) relation in Hilb-form.
Proof. The category of rational graded representations of W is semi-simple. That is why all the decompositions in irreducible representations above are equivalences in this category. Since it is a subcategory in Chow Q the relation in the theorem is a corollary of these decompositions.
5.2. Singular cubic surfaces. Let Y be a cubic hypersurface of dimension d over a field k.
Note that the Y -F (Y ) relation (1.2) in the Sym-form in the case of singular cubic hypersurfaces has the following form:
where Sing(Y ) is the singular locus of Y , [GS14, Theorem 5.1]. The S-Z(S) relation also may have similar forms in the case of singular surfaces. In this section we will investigate the case of singular cubic surfaces with at most rational double point singularities. We obtain some analogs of the S-Z(S) relation in K 0 [Var k ] in the cases of singularities of type A 1 and A 2 .
Let S be a singular cubic surface over a field k with one rational double point singularity and letS → S be its minimal resolution. The smooth surfaceS is a weak Del Pezzo surface. The structure on H 2 (S, Z) is the same as in the smooth case, Section 2.3. The orthogonal complement K ⊥ S ⊂ H 2 (S, Z) is the negative definite root lattice of type E 6 . Curves in the exceptional divisor generate a root sublattice R 0 ⊂ R. See [LLSvS17, Section 2.1] for detail account about possible singularities of cubic surfaces and corresponding structures on cohomology and the book [Dol12, Section 9.2] for detailed descriptions of singular cubic surfaces.
5.2.1. Type A 1 . Let S be a cubic surface over a field k with one rational double point singularity of type A 1 . The root system R 0 consists of two roots α, −α. Fix the notation from Section 2.3. Without loss of generality we may assume that α = 2E 0 − E i , i ∈ 1, . . . , 6. The orthogonal complement to R 0 is formed by the roots E i − E j , i = j. So it is a root system of type A 5 . The subgroup G ⊂ W that permutes E i is S 6 .
According to [Dol12] the surface S can be obtained in the following way. We can find a smooth conic C ⊂ P 2 and a smooth subscheme A(S) of length 6 on C, such thatS is the blow up of A(S) and S is the blow down of C considered as curve onS. The scheme A(S) is the scheme of lines passing through the singular point. Sometimes we will drop the dependence on S in the notation A(S) for more compact equations.
where ∆ = P 1 − [C] and C is a smooth conic (which also may not have a k-point).
Proof. Using the construction with the blow up we see that
Remark 5.19. According to Section 9.2 [Dol12] a singular cubic surface S with one rational double point singularity of type A 1 has the following explicit description. Let p = [1, 0, 0, 0] be the singular point of S = V (f 3 ). Then f 3 can be written as:
where g 2 , g 3 are homogeneous polynomials of degree 2 and 3. And V (g 2 ) ⊂ P 2 is a nonsingular conic which intersects V (g 3 ) transversally. The variety A(S) is this intersection.
In this section we will concentrate on the case when ∆ = 0. It is equivalent to the condition that C has a k-point. The scheme A is completely described by the action of the absolute Galois group Gal k on its geometric points. This action factors through the action of G. This gives a map Burn(G) → Burn(Gal k ), see Section 2.2 for details on Burnside rings. Denote by [A] the class of the G-set of geometric points of A in Burn(G).
According to Theorem 2.1 [LLSvS17] the moduli space of generalized twisted cubics on S has R/W(R 0 ) copies of P 2 and the Gal k -set of geometric points of Z(S) is isomorphic to R/W(R 0 ), Proof. The relation in K 0 [Var k ] will follow from the relation in Burn(G) due to the sequence of maps of pre-λ-rings, Section 2.2:
To prove the relation in Burn(G) we need to analyze the G-set R/W(R 0 ). Divide 72 roots of R in five groups as in Section 2.3:
(1) One Remark 5.21. The same analysis of the explicit description of lines on S from Section 2.3 can show that:
Lemma 5.22. The following relation holds in the Grothendieck ring of varieties
Proof. Consider the classes of symmetric powers
These equations and Lemma 5.20 imply (5.13).
We want to find a relation similar to the S-Z(S) relation (5.9). It can be shown using calculations with characters that there exists exactly one (up to multiplication) homogeneous formula of degree 4 with S in the ring Rep(G, C). 
Proof. Substituting the expressions (such as (5.14)) in K 
Proof. This relation is the combination of Equation (5.15) with Equation (5.13).
Remark 5.25. This relation is similar to the S-Z(S) relation for smooth S:
5.2.2. Type A 2 . Let S be a cubic surface over a field k with one rational double singularity of type A 2 . Consider a singular conic C ⊂ P 2 that is an intersection of two lines over algebraic closure. Denote corresponding zero-dimensional scheme of this two lines as K. Consider a zerodimensional reduced subscheme A(S) ⊂ C that become a two triples of points over algebraic closure. One triple on the each line of C. Further we will omit the dependence on S in the notation A(S).
According to [Dol12] one can choose A(S) and C such that the surface S can be obtained in two steps. First, blow up P 2 in A(S). Then blow down the conic. Denote by E i the classes of the exceptional curves on Sk such that E 1 , E 2 , E 3 correspond to three points on one line from C and E 4 , E 5 , E 6 correspond to the other line.
Lemma 5.26. Using the notations introduced above we have:
Proof The construction of S gives the following description of the root lattice R 0 ⊂ R. It consists of the roots:
The orthogonal root lattice to R 0 is of type A 2 × A 2 . The first A 2 is generated by the roots E 1 , E 2 , E 3 . The second A 2 is generated by the roots E 4 , E 5 , E 6 . Consider the subgroup Z 2 ⋉ (S 3 ) 2 =: G ⊂ S 6 , where S 6 ⊂ W permutes E i , i = 0. The first summand S 3 permutes E 1 , E 2 , E 3 . The second summand S 3 permutes E 4 , E 5 , E 6 . The semi-summand Z 2 swaps these triples of classes. The action of the absolute Galois group Gal k on H 2 (S, Z) factors through G. The action of G on H 2 (S, Z) induces the action on geometric points of A and K. The action of the absolute Galois group Gal k on the geometric points of A and K factors through the action of G, since G maps surjectively on the automorphism groups of the sets of geometric points of A and K.
In Proof. Divide 72 roots of R in five sets as we do in type A 1 . We need to understand an action of G on the W(R 0 )-orbits in R. By [LLSvS17, Section 3.1] we know that there are 31 orbits. There is a big orbit R 0 and G does not move this orbit. From the roots of the form E i − E j twelve roots E i − E j , {i, j} ⊂ {1, 2, 3} or {i, j} ⊂ {3, 4, 5}, lie in different W(R 0 )-orbits and form one G-orbit. This gives a subscheme in [Z(S)] isomorphic to A 12 . We have: 
